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Abstract Orthotropic circular annular plates have a lot of applications in engineering such as space structures
and rotary machines. In this paper, frequency equations for the in-plane vibration of the orthotropic circular
annular plate for general boundary conditions were derived. To obtain the frequency equation, first the equa-
tion of motion for the circular annular plate in the cylindrical coordinate is derived by using the stress-strain-
displacement expressions. Helmholtz decomposition is used to uncouple the equations of motion. The wave
equation is obtained by assumption a harmonic solution for the uncoupled equations. Using the separation
of the variables leads to the general wave equation solution and the in-plane displacements in the r and θ
directions. Finally, boundary conditions are exerted and the natural frequency is derived for general boundary
conditions. The obtained results are validated by comparing with the previously reported and those from finite
element analysis.

Keywords In-plane · Vibration · Orthotropic material · Frequency equation · General boundary condition

List of symbols

R Outer radius
R0 Inner radius
ξ Dimensionless coordinates r/R
η Radius ratio R0/R
ρ Density
Er , Eθ Youngs moduli related to the r and θ directions, respectively
νr , νθ Poisson ratios related to r and θ directions, respectively
G Modulus of elasticity in shear
b Stiffness ratio Eθ /Er
g Dimensionless shear modulus defined in text
t Time
σr , σθ Normal stress in r and θ direction respectively
τrθ shear stress
εr , εθ Normal strain in r and θ direction respectively
γrθ Shear strain
u, v Displacements in r and θ directions, respectively
ϕ, H Scalar and vector potentials
� Non-dimensional natural frequencies defined in text
∇ Gradient operator
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1 Introduction

Circular annular plates have a wide usage in engineering applications such as space structures, electronic
components and rotating machinery. Despite the information about out-of-plane vibration of plates is wide,
the studies which reported on the in-plane vibration of circular annular plates are little.

Obtaining the frequency of circular annular disks has been treated in a few studies. Irie et al. [1] used
transfer matrix formulation to examine the in-plane vibrations of circular and annular disks. Natural frequen-
cies were obtained for several radius ratios of annular disks with combinations of free and clamped boundary
conditions at the inner and outer edges but mode shapes were not presented. Ambati et al. [2] studied in-plane
vibrations of solid disks and rings. The natural frequencies and mode shapes were evaluated for general case
of annular configuration as hole sizes increased from thin disks to narrow thin rings. Obtained results were
validated by experiments. Farag and Pan [3] analyzed the modal characteristics of in-plane vibrations of a solid
disk with clamped outer edge. These studies were carried out for a limited set of boundary conditions. Holland
[4] studied the free in-plane vibration of circular disks with free edges and presented frequency parameters for
different values of Poisson’s ratio by using trigonometric and Bessel functions. Kane and Mindlin [5] inves-
tigated the coupling between extensional vibration and the first mode of thickness vibration on the circular
disk. Chen and Liu [6] studied the free in-plane vibration for various shapes of thin plates with a free edge,
including a circular plate, and compared the nodal patterns of plates with different shapes. Love [7] solved the
extensional vibration of an infinitely isotropic thin circular plate with free edge as an initial approach to the
in-plane vibration of plates. Bashmal [8] et al. investigated a generalized formulation for the in-plane modal
characteristics of circular annular disks under combinations of all possible classical boundary conditions for
isotropic materials by Rayleigh–Ritz method. Chen and Jhu [9] investigated the effects of the clamping ratio
on the critical speeds and the natural frequencies of the in-plane vibration of a spinning annular disk. Chan [10]
derived the frequency equation for the in-plane vibration of the clamped circular disk of uniform thickness
with an isotropic material in the elastic range by using Hamilton’s principle and Helmholtz decomposition.

The main goal of the present paper is to obtain the in-plane frequency equation for the orthotropic circular
annular plate under general boundary conditions.

2 Analysis

The present study analyzes a circular annular plate with external radius R and internal radius R0 which lies
in the r − θ plane, as shown in Fig. 1. The circular annular plate with an orthotropic material and uniform
thickness is treated at the elastic range.

Fig. 1 A circular annular plate in cylindrical coordinate
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2.1 Development of equations of motion for in-plane vibration

Using the coordinate system of Fig. 1 and the list of symbols as in the nomenclature, the basic equations of
motion are written as [11]:

∂σr

∂r
+ ∂τrθ

∂θ
+ σr − σθ

r
= ρü (1)

And

∂τrθ

∂r
+ 1

r

∂σθ

∂θ
+ 2

τrθ

r
= ρv̈ (2)

The stress–strain relationships for the orthotropic in-plane circular plate are as follow [12]:

σr = Er

1 − νrνθ

(εr + νθεθ ) (3a)

σθ = Eθ

1 − νrνθ

(εθ + νrεr ) (3b)

While the shear stress–displacement relationship is:

τrθ = Gγrθ (3c)

Also the strain–displacement relationships are reviewed in Ref. [8], for example, and are as follow:

εr = ∂u

∂r
(4a)

εθ = 1

r

(
u + ∂v

∂θ

)
(4b)

γrθ = 1

r

∂u

∂θ
+ ∂v

∂r
− v

r
(4c)

By substituting Eqs. 4 and 3 in Eqs. 1 and 2 and using of the Betti principle (Erνθ = Eθ νr ), equations of
motion is expressed in terms of the displacement as:

Er

1 − νrνθ

(
∂2u

∂r2 + νθ

r

∂2v

∂r∂θ
+ 1

r

∂u

∂r

)
− Eθ

1 − νrνθ

(
1

r2

∂v

∂θ
+ u

r2

)
+ G

(
1

r

∂2v

∂r∂θ
+ 1

r2

∂2u

∂θ2 − 1

r2

∂v

∂θ

)
= ρü

(5)

Eθ

1 − νrνθ

(
1

r2

∂2v

∂θ2 + 1

r2

∂u

∂θ
+ νr

r

∂2u

∂r∂θ

)
+ G

(
∂2v

∂r2 + 1

r

∂2u

∂r∂θ
+ 1

r2

∂u

∂θ
+ 1

r

∂v

∂r
− v

r2

)
= ρv̈ (6)

2.2 Frequency equation for in-plane vibration

The previously derived equations of motion are highly complex and coupled. However, a simpler set of
equations can be obtained by introducing scalar and vector potentials ϕ and H, known as the Helmholtz
decomposition, such that [13,14]:

u = ∇ϕ + ∇ × H (7)

Therefore, the scalar components of the in-plane displacement vector u in the cylindrical coordinate with
∂
∂z = 0 can be expressed in the r and θ directions as [11,14]:

u = ∂ϕ

∂r
+ 1

r

∂ Hz

∂θ
(8a)

v = 1

r

∂ϕ

∂θ
− ∂ Hz

∂r
(8b)
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Substituting u and v from Eq. 8 in Eqs. 5 and 6 leads to two sets of differential equations:

(1 − νθ − g)
∂2 Hz

∂r2 + b + g − 1

r

∂ Hz

∂r
+ 1 − b

r2 Hz + g

r2

∂2 Hz

∂θ2 = ρ
(1 − νrνθ )

Er
Ḧz (9)

b

r2

∂2ϕ

∂θ2 + 1

r

∂ϕ

∂r
+ (bνr + 2g)

∂2ϕ

∂r2 = ρ
(1 − νrνθ )

Er
ϕ̈ (10)

where b = Eθ

Er
and g = G 1−νr νθ

Er
.

To solve Eqs. 9 and 10, the solution assumes to be Hz = �

H(r, θ)eiωt and ϕ = �
ϕ(r, θ)eiωt then we have:

(1 − νθ − g)
∂2

�

H

∂r2 + b + g − 1

r

∂
�

H

∂r
+ 1 − b

r2

�

H + g

r2

∂2
�

H

∂θ2 = −ρ
1 − νrνθ

Er
ω2 �

H (11)

b

r2

∂2�
ϕ

∂θ2 + 1

r

∂
�
ϕ

∂r
+ (bνr + 2g)

∂2�
ϕ

∂r2 = −ρ
1 − νrνθ

Er
ω2�

ϕ (12)

By defining ξ = r
R , above equations can be modified as:

(1 − νθ − g)
∂2

�

H

∂ξ2 + b + g − 1

ξ

∂
�

H

∂ξ
+ 1 − b

ξ2

�

H + g

ξ2

∂2
�

H

∂θ2 = −�2 �

H (13)

b

ξ2

∂2�
ϕ

∂θ2 + 1

ξ

∂
�
ϕ

∂ξ
+ (bνr + 2g)

∂2�
ϕ

∂ξ2 = −�2�
ϕ (14)

where �2 = ρ 1−νr νθ

Er
R2ω2.

Application of the separation of the variable as
�

H = F(ξ)T (θ) to Eq. 13 leads to:

(1 − νθ − g)F ′′T + b + g − 1

ξ
F ′T + 1 − b

ξ2 FT + g

ξ2 FT ′′ = −�2 FT (15)

Equation 15 leads:

1 − νθ − g

g
ξ2 F ′′

F
+ b + g − 1

g
ξ

F ′

F
+

(
1 − b

g
+ �2ξ2

g

)
= −T ′′

T
= n2 (16)

In the above equation, the solutions for T are given by:

T (θ) = sin(nθ) (17)

Equation 16 leads to the following deferential equation for F :

μξ2 F ′′ + λξ F ′ +
((

�√
g

)2

ξ2 − α2

)
F = 0 (18)

where μ = 1−νθ−g
g , λ = b+g−1

g and α2 = n2 − 1−b
g .

The solution for F is obtained by:

F(ξ) = d1ξ
μ−λ
2μ Jz

(
�ξ√
μ

√
g

)
+ d2ξ

μ−λ
2μ Yz

(
�ξ√
μ

√
g

)
(19)

where z =
√

μ2+(4α2−2λ)μ+λ2

2μ
and Jz and Yz are Bessel functions of first and second kind, respectively.

The separation of the variable as �
ϕ = P(ξ)Q(θ) yields Q(θ) = cos(θ) and the solution for P is also given

by:

P(ξ) = c1ξ
β−1
2β Jm

(
�ξ√

β

)
+ c2ξ

β−1
2β Ym

(
�ξ√

β

)
(20)

where β = bνθ+2g
g and m =

√
β2+(4n2−2)β+4

2β
.
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Table 1 General boundary conditions applied to circular annular plate

Clamped-clamped u = 0, v = 0 @ ξ = η and ξ = 1
Clamped-free u = 0, v = 0 @ ξ = η and σr = σθ = 0 @ ξ = 1
Free-clamped σr = σθ = 0 @ ξ = η and u = 0, v = 0 @ ξ = 1
Free-free σr = σθ = 0 @ ξ = η and σr = σθ = 0 @ ξ = 1

Table 2 Non-dimensional first natural frequencies (�) of in-plane vibration for clamped conditions and isotropic material with
ν = 0.3

Radial ratio Present study Ref. [1] Ref. [8] Present study Ref. [1] Ref. [8]

n = 1 n = 2

0 2.092 1.985 3.157 3.046
0.2 2.886 2.783 2.806 3.483 3.378 3.394
0.4 3.532 3.429 3.465 4.130 4.023 4.046
0.6 4.939 4.835 5.339 5.237
0.8 9.476 9.370 9.658 9.547

n = 3 n = 4
0 4.021 3.964 4.891 4.777
0.2 4.119 4.066 4.084 4.916 4.802 4.811
0.4 4.766 4.707 4.737 5.470 5.287 5.360
0.6 5.893 5.832 6.650 6.541
0.8 9.898 9.835 10.432 10.223

Table 3 Non-dimensional first natural frequencies (�) of in-plane vibration for clamped-free boundary condition and isotropic
material with ν = 0.3

Radial ratio Present study Ref. [8] Present study Ref. [8] Present study Ref. [8] Present study Ref. [8]

n = 1 n = 2 n = 3 n = 4

0.2 0.928 0.919 1.548 1.542 2.163 2.157 2.781 2.779
0.4 1.297 1.281 1.969 1.965 2.469 2.463 2.926 2.924

Table 4 Non-dimensional first natural frequencies (�) of in-plane vibration for Free-clamped boundary condition and isotropic
material with ν = 0.3

Radial ratio Present study Ref. [8] Present study Ref. [8] Present study Ref. [8] Present study Ref. [8]

n = 1 n = 2 n = 3 n = 4

0.2 2.107 2.106 2.561 2.556 3.700 3.693 4.721 4.718
0.4 2.601 2.522 2.739 2.734 4.812 4.808 3.961 3.960

Table 5 Non-dimensional first natural frequencies (�) of in-plane vibration for Free-free boundary condition and isotropic
material with ν = 0.3

Radial ratio Present study Ref. [8] Present study Ref. [8] Present study Ref. [8] Present study Ref. [8]

n = 1 n = 2 n = 3 n = 4

0.2 1.661 1.651 1.120 1.111 2.074 2.072 2.768 2.766
0.4 1.700 1.682 0.727 0.721 1.623 1.619 2.485 2.482

The solutions for
�

H and �
ϕ are obtained as:

�

H(ξ, θ) =
[

d1ξ
μ−λ
2μ Jz

(
�ξ√
μ

√
g

)
+ d2ξ

μ−λ
2μ Yz

(
�ξ√
μ

√
g

)]
sin(nθ) (21)

�
ϕ(ξ, θ) =

[
c1ξ

β−1
2β Jm

(
�ξ√

β

)
+ c2ξ

β−1
2β Ym

(
�ξ√

β

)]
cos(nθ) (22)
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Fig. 2 Radial mode shapes distribution of Clamped-clamped boundary condition for n = 1, 2, 3 and a η = 0, b η = 0.2, c η = 0.4
corresponding to Table 2

Then, the displacements for u = �
ueiωt and v = �

veiωt are given by:

�
u = 1

R

(
∂

�
ϕ

∂ξ
+ 1

ξ

∂
�

H

∂θ

)
= 1

R

(
P ′ + n

ξ
F

)
cos(nθ) (23)

�
v = 1

R

(
1

ξ

∂
�
ϕ

∂θ
− ∂

�

H

∂ξ

)
= 1

R

(
−n

ξ
P − F ′

)
sin(nθ) (24)
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Fig. 3 Circumferential mode shapes distribution of Clamped-clamped boundary condition for n = 1, 2, 3 and a η = 0, b η = 0.2,
c η = 0.4 corresponding to Table 2

Substituting P and F in above formulation leads to the following equations:

�
u = 1

R

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

c1

[
β−1
2β

ξ
− β+1

2β Jm

(
�ξ√

β

)
+ ξ

β−1
2β d

dξ

(
Jm

(
�ξ√

β

))]
+ c2

[
β−1
2β

ξ
− β+1

2β Ym

(
�ξ√

β

)
+ ξ

β−1
2β d

dξ

(
Ym

(
�ξ√

β

))]

+d1

[
nξ

− μ+λ
2μ Jz

(
�ξ√
μ

√
g

)]
+ d2

[
nξ

− μ+λ
2μ Yz

(
�ξ√
μ

√
g

)]

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(25)

�
v = − 1

R

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

c1nξ
− β+1

2β Jm

(
�ξ√

β

)
+ c2nξ

− β+1
2β Ym

(
�ξ√

β

)
+ d1

[
μ−λ
2μ

ξ
− μ+λ

2μ Jz

(
�ξ√
μ

√
g

)
+ ξ

μ−λ
2μ d

dξ
Jz

(
�ξ√
μ

√
g

)]

+d2

[
μ−λ
2μ

ξ
− μ+λ

2μ Yz

(
�ξ√
μ

√
g

)
+ ξ

μ−λ
2μ d

dξ
Yz

(
�ξ√
μ

√
g

)]

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(26)
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Fig. 4 Radial mode shapes distribution of Clamped-Free boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4 corresponding
to Table 3

Fig. 5 Circumferential mode shapes distribution of Clamped-free boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4
corresponding to Table 3
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Fig. 6 Radial mode shapes distribution of Free-clamped boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4 corresponding
to Table 4

Fig. 7 Circumferential mode shapes distribution of Free-clamped boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4
corresponding to Table 4
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Fig. 8 Radial mode shapes distribution of Free-free boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4 corresponding
to Table 5

Fig. 9 Circumferential mode shapes distribution of Free-free boundary condition for n = 1, 2, 3 and a η = 0.2, b η = 0.4
corresponding to Table 5
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Table 6 Material properties

Material Er (Gpa) Eθ (Gpa) G (Gpa) νr νθ ρ (kg/m3)

Polycarbonate 2.2 2.2 0.846 0.3 0.295 1.220
GFRP (E-glass/Epoxy) 38.6 8.27 4.14 0.26 0.056 1.800
CFRP (T300/N5208) 181.0 10.3 7.17 0.28 0.016 1.600

Table 7 Non-dimensional first natural frequencies (�) of in-plane vibration for clamped-clamped conditions and orthotropic
materials in Table 6

Material Radial ratio Clamped-clamped Clamped-free Free-clamped Free-free

Present FEM Present FEM Present FEM Present FEM
study model study model study model study model

Polycarbonate 0.2 1.402 1.388 0.928 0.919 2.107 2.104 1.661 1.652
0.4 2.411 2.393 1.297 1.281 2.601 2.517 1.700 1.683

GFRP (E-glass/Epoxy) 0.2 0.763 0.747 0.0312 0.0308 0.1501 0.1498 0.0930 0.0923
0.4 1.296 1.286 0.0725 0.0720 0.0773 0.0756 0.0579 0.0578

CFRP (T300/N5208) 0.2 0.451 0.439 0.0192 0.0188 0.0919 0.0908 0.0529 0.0524
0.4 0.730 0.722 0.0451 0.0440 0.0449 0.0442 0.0320 0.0315

Fig. 10 Radial mode shapes distribution of Clamped-clamped boundary condition for a η = 0.2, b η = 0.4 corresponding to
Table 7

where non-dimensional parameter η = R0
R is introduced. Application of the general boundary conditions,

presented in Table 1, and finding the evident solution, yields the frequency equation corresponding to those
boundary conditions. The numerical solution of the frequency equations for a given n produces the natural
frequencies.
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Fig. 11 Circumferential mode shapes distribution of Clamped-clamped boundary condition for a η = 0.2, b η = 0.4 correspond-
ing to Table 7

Fig. 12 Radial mode shapes distribution of Clamped-free boundary condition for a η = 0.2, b η = 0.4 corresponding to Table 7
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Fig. 13 Circumferential mode shapes distribution of Clamped-free boundary condition for a η = 0.2, b η = 0.4 corresponding
to Table 7

Fig. 14 Radial mode shapes distribution of Free-clamped boundary condition for a η = 0.2, b η = 0.4 corresponding to Table 7
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Fig. 15 Circumferential mode shapes distribution of Free-clamped boundary condition for a η = 0.2, b η = 0.4 corresponding
to Table 7

Fig. 16 Radial mode shapes distribution of Free-free boundary condition for a η = 0.2, b η = 0.4 corresponding to Table 7
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Fig. 17 Circumferential mode shapes distribution of Free-free boundary condition for a η = 0.2, b η = 0.4 corresponding to
Table 7

3 Results

The solution of the frequency equations is obtained using a MATLAB program and the first in-plane dimen-
sionless frequencies for isotropic and orthotropic materials are tabulated. The results are obtained for general
boundary conditions presented in Table 1. Tables 2, 3, 4 and 5 present the first dimensionless in-plane frequen-
cies for an isotropic material with ν = 0.3 for clamped-clamped, Clamped-free, free-Clamped and free-free
boundary conditions, respectively. These frequencies are presented for different radial ratios. Maximum dif-
ference among the present results and other studies is about 5%; it occurs for a solid disk and for n = 1. Radial
and circumferential distribution of the mode shapes corresponding to each boundary condition are depicted in
Figs. 2, 3, 4, 5, 6, 7, 8 and 9.

Properties of three materials which selected to calculate the first natural in-plane frequency of orthotropic
materials are shown in Table 6 [12]. To validate the analytical results, the first in-plane natural frequency is
also computed using the finite element method. The plate is modeled using ABAQUS V6.8-1 and all results
are calculated for n = 1. In these models, CPS4R and CPS3 elements are used, 540 elements and 541 nodes
are applied for solid disk for example.

Table 7 lists these results. Maximum difference among the results of present study and FEM model is about
2.8 percent. Figures 10, 11, 12, 13, 14, 15, 16 and 17 show radial and circumferential distribution of mode
shapes corresponding to Table 7.

The obtained results by present frequency equations are in agreement with those of the other studies and
FEM models. Therefore, the proposed frequency equations could be used to calculate the first natural in-plane
frequency of isotropic and orthotropic circular annular plates.

4 Summary and conclusions

Orthotropic circular annular plate natural in-plane frequency equations were derived by using equations of
motion in the cylindrical coordinate. The equations of motion are coupled and therefore, Helmholtz decom-
position was used to change them to uncouple equations. Then the frequency equations for general boundary
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conditions of circular annular plate were derived. The first natural in-plane frequency for isotropic and ortho-
tropic materials was computed through numerical examples. The presented results were validated with the
previous reports and the finite element model. This verification showed that the proposed method is accurate
for calculating the natural in-plane frequencies of circular annular plates.
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