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microplane constitutive model
for shape memory alloys
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Abstract

With the advent of shape memory alloys, several industrial applications were proposed due to their superior mechanical

and biological properties. Since the fabrication and characterization of shape memory alloy devices is challenging and

expensive, it is necessary to simulate their thermomechanical responses before fabrication. To do so, a powerful con-

stitutive model capable of simulation of the important features of these materials is necessary. To be able to simulate a

shape memory alloy device, it is vital to implement a suitable constitutive model in such a way to be used in finite element

models. In this paper, an existing constitutive model based on microplane theory is numerically implemented and the

effects of stress increment, different numerical integration formulas, and loading direction on the thermomechanical

response of shape memory alloy is investigated through superelastic and shape memory proportional and nonpropor-

tional loadings. The obtained results show that the stress increment may have significant effect on the results if the

forward Euler scheme is utilized. In addition, for the case of numerical integration over the surface of a unit hemisphere,

61 points integration formula without orthogonal symmetry provides the best results while 21 orthogonally symmetric

one is the most inaccurate one. Also, the orthogonally symmetric numerical integration formulas predict the isotropic

material response while those without orthogonal symmetry predict a little anisotropy.
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Introduction

After the discovery of shape memory alloys (SMA) in
1962 by Buehler et al.,1 the researchers have been
attracted to utilizing these alloys in different industries
such as aerospace, biomedical, civil, automobile, and
robotics because of their superior mechanical and bio-
logical properties. Although the use of such materials
may increase the performance of new advanced
devices, the final cost of those devices would also be
increased due the price of raw material as well as the
fabrication procedure.2 In order to reduce the costs of
such fabrications, it is necessary to assess the
responses of a desired device using numerical models
before fabrication. To do so, a powerful constitutive
model is needed to be able to simulate the constitutive
behavior of the material.

Since the 80th decade, several 1D and 3D consti-
tutive models have been proposed for the SMAs. The
main aim of these constitutive models is to simulate
the complicated thermomechanical behavior of these
alloys including superelasticity, shape memory effect,
asymmetric material response,3–11 different material

properties of austenite and martensite,12 cyclic load-
ing,13 and thermomechanical coupling.14–16 These
constitutive models can be categorized into two
major groups,17 i.e. microscopic thermodynamics
models18–22 and macroscopic phenomenological
models.6,15,16,23–30

The microscopic models, such as those based on
crystal plasticity,31–33 focus mainly on the microscopic
details of the material, so they are suitable for the
investigation of the microstructural features such as
the deformation mechanisms. Since these models are
not computationally efficient, they are rarely used in
the engineering applications. The phenomenological
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models are developed based on the phenomenological
thermodynamics or by direct use of the experimental
responses. Due to their simplicity and low computa-
tional costs, these models are suitable for the engineer-
ing applications. However, they can only provide the
macroscopic response of SMAs and do not include the
microscopic features. Since these models are often
based on a phase diagram, which is obtained using
the experimental data, they have sufficient accuracy.
Some of the most well-known phenomenological
models are polynomial potential, hysteresis, phase
transformation kinetics, and microplane model.34

Whichever method is used for modeling of the con-
stitutive response of SMAs, it is inevitable to numer-
ically implement it using an incremental process that
can be used in combination with the finite element
method. Qidwai and Lagoudas35 presented a compre-
hensive study on the numerical implementation of
SMA thermomechanical constitutive response using
return mapping algorithms i.e. elastic predictor-trans-
formation corrector. Arghavani et al.36 developed
constitutive models at small and finite strain regimes
and then investigated solution algorithm, robustness,
and computational cost or efficiency for the latter.37

Wang et al.38 presented a constitutive model for
SMAs considering permanent deformations and then
implemented it as user material subroutine (UMAT)
into ABAQUS/Standard. Hartl and Lagoudas39 pro-
posed a constitutive model for SMAs to take the initi-
ation and evolution of plastic strains into account.
They then implemented it numerically in a finite elem-
ent framework using a return mapping algorithm to
solve the constitutive equations at each material
point. Arghavani et al.24 developed a finite strain kine-
matic hardening constitutive model for SMAs based
on Hencky strain. Introducing a logarithmic mapping,
they also presented an appropriate form of the pro-
posed constitutive equations in the time-discrete
frame. Stebner and Brinson40 implemented an
improved three-dimensional constitutive model for
SMAs through explicit finite element method. They
assessed the simulation time and convergence of the
numerical process for single as well as multi element
models. Auricchio et al.41 used Fischer–Burmeister
complementarity function instead of the classical set
of Kuhn–Tucker inequality conditions to enhance the
effectiveness and efficiency of numerical procedure for
implementation of SMA constitutive model.

Referring to the literature, there are lots of consti-
tutive models for the simulation of thermomechanical
response of SMAs, among which, microplane theory
is vastly used for this purpose because it just uses the
material parameters obtained in simple tension (com-
pression) test for the simulation of the 3D response of
the material.11 The basis of the method was estab-
lished by Taylor in 1938 known as ‘‘slip theory of
plasticity’’. However, the word ‘‘microplane’’ was
first used by Bazant in 1984 and used for the simula-
tion of the mechanical response of concrete.42

This method was utilized by Brocca et al.43 for the
constitutive modeling of SMAs for the first time. It
was then modified by Kadkhodaei et al.,44,45 Mehrabi
et al.,45,46 and Karamooz Ravari et al.11 and used for
the simulation of the mechanical response of SMA
devices.47–50 However, there is a lack of a comprehen-
sive numerical implementation of this constitutive
model in the literature. To compensate this deficiency,
in this paper the numerical implementation of the pre-
viously reported SMA constitutive model based on
microplane theory is presented. To do so, first the
tensorial formulation of this model is briefly reviewed
and the Voigt notation of this formulation is pre-
sented. Then, the numerical implementation process
is brought and different numerical integration
schemes are introduced. Finally, the numerical results
are obtained and the effects of stress increment size,
numerical integration formula, and loading mode on
the thermomechanical response of SMAs in shape
memory and superelastic regimes are investigated.

Microplane constitutive model
for SMAs

The key idea of microplane theory is to generalize 1D
constitutive models to 3D ones, so one just needs the
material parameters obtained using uniaxial tension
(compression) to investigate the constitutive response
of the material. To do so, three main steps must be
followed. First, the stress tensor is projected on the
generic planes passes through each material point
known as microplane. Then, a suitable constitutive
relation between the 1D micro-level stresses and
strains are supposed. Finally, these 1D relations are
generalized to a 3D constitutive model utilizing a
homogenization process which, in this case, is the
complementary virtual work. In this section, first,
the tensorial derivation of the SMA constitutive
model based on microplane theory is presented.
Then, the Voigt notation of these formulation is
derived for the numerical implementation purposes.

Tensorial derivation

As mentioned above, the first step toward the
constitutive modeling based on microplane theory is
to project the stress tensor on the microplanes. As
shown in Figure 1, considering a microplane with

Figure 1. Projection of the stress vector on a microplane.
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the normal unit vector, n, the normal, �N, and tangential,
�T, stress components can be formulated as follows11

�N ¼ �ijninj ð1Þ

�T ¼
1

2
�ij tinj þ tjni
� �

ð2Þ

where �ij is the stress tensor and ti is the unit vec-
tor parallel to the tangential stress which can be
formulated as

ti ¼
�ijnj � �Nniffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�pq�prnqnr � �2N

q ð3Þ

It has been previously shown43,44 that by decom-
posing the normal component of stress vector into
volumetric and deviatoric parts, i.e. �N ¼ �V þ �D,
the micro-level elastic modulus is equal to the macro-
scopic one. In this relation, �V ¼

1
3 �ij�ij is the volumet-

ric part, �D ¼ ninj �
1
3 �ij

� �
�ij the deviatoric part, and

�ij the Kronecker’s delta. In microplane theory it is
supposed that the martensite transformation is only
associated with the tangential stress. Accordingly, the
following equations stand between 1D stresses and
strains50

�V ¼
1� 2�

E
�V ð4Þ

�D ¼
1þ �

E
�D ð5Þ

�T ¼
1þ �

E
�T þ �

��s ð6Þ

In the above relations, � is the Poisson ration, E the
elastic modulus, �� the maximum recoverable strain,
and �s the stress-induced martensite volume fraction.
Since the elastic modulus of martensite and austenite
phases are different, the elastic modulus of an SMA is
changed during transformation. To account for this
changes, the elastic modulus, E, is expressed using the
Reuss model11,44,45,48–50

1

E
¼

1� �T þ �sð Þ

EA
þ
�T þ �s
EM

ð7Þ

where EA is the elastic modulus of pure austenite, EM

the elastic modulus of pure martensite, and �T the
temperature-induced martensite volume fraction.
In order to fully quantify the strain components, it
is necessary to define the stress- as well as tempera-
ture-induced martensite volume fractions as a func-
tion of stress and temperature. Referring to the
phase diagram shown in Figure 2, at a given point,
i, on an arbitrary loading path, , in the region, Rk, the
stress- and temperature-induced martensite volume
fractions can be calculated using the following phe-
nomenological evolution51

�i,q ¼
fi,q �i,s0, �i,T0, �i, �i,Ti

� �
if i 2 Rk and �i � nk 4 0

�i0,q otherwise

(

ð8Þ

where T is the temperature, � the tangent vector of the
loading path, �� the equivalent von Mises stress,
and �s0 and �T0 are the initial values of stress- and
temperature-induced martensite volume fractions,
respectively. The subscript, i, denote the given point,
and the subscript q stands for s and T. The evolution

Figure 2. The phase diagram used for the calculation of martensite volume fractions.
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function, fi,q can be expressed using the following
relations51

fi,s ¼

�s0
2

YA þ 1ð Þ if Rk ¼ A

�s0 if Rk ¼MT

1

2
�s0 � 1ð ÞYMD1

þ �s0 þ 1ð Þ
� �

if Rk ¼MD1

1

2
�s0 � 1ð ÞYMD2,3

þ �s0 þ 1ð Þ
� �

if Rk ¼MD2,MD3

8>>>>>>>><
>>>>>>>>:

ð9Þ

fi,T ¼

�T0
2

YA þ 1ð Þ if Rk ¼ A

1� �s0 � �T0
2

1� YMT

� �
þ �T0 if Rk ¼MT

�T0
2

1þ YMD1

� �
if Rk ¼MD1

1� �s0 � �T0
4

1þ YMD2

� �
ð1� YMT

Þ if Rk ¼MD2

�T0
2 1þ YMD1

� �
if Rk ¼MD3

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð10Þ

in which YA ¼ cos � CAs T�Asð Þ� ��ð Þ

CAs T�Asð Þ�CAf T�Afð Þ

� �
, YMD1

¼

cos �
����crs �CM T�Msð Þ

�cr
f
��crs

	 

, YMD2,3

¼ cos �
����crs
�cr
f
��crs

	 

, YMT

¼

cos � T�Ms

Mf�Ms

	 

, and Mf, Ms, As, and Af are martensite

finish, martensite start, austenite start, and austenite
finish temperatures respectively. CM, CAs, and CAf are
the slopes of the transformation bands in the phase
diagram as shown in Figure 2.

By applying the principle of complimentary virtual
work, the above mentioned 1D constitutive relations
can be generalized to 3D one. Considering a unit
hemisphere with the surface of � and volume of V,
one will have

Z
V

�ij��ijdV ¼

Z
�

�V��V þ �D��D þ �T��Tð Þd� ð11Þ

Substitution equations (1), (2), (4), (5), and (6) into
equation (11) followed by simplifications leads to the
following relation between macroscopic stress and
strain tensors

�ij ¼ �
�

E
�rr�ij þ

1þ �

E
�ij þ

3

2�
���s

Z
�

tinj þ tjni
2

d�

¼ �eij þ �
tr
ij

ð12Þ

Note that in this relation the first two terms in the
right hand side are associated with the elastic deform-
ation of the material while the last term is associated
with the transformation one.

Voigt notation derivation

For the sake of numerical implementation, it is bene-
ficial to explain the constitutive relation expressed by

equation (12) using the Voigt notation. Considering
the strain and stress vectors as follows

E ¼ �11 �22 �33 	12 	13 	23
� �T
¼ E1 E2 E3 E4 E5 E6

� �T ð13Þ

D ¼ �11 �22 �33 �12 �13 �23
� �T
¼ �1 �2 �3 �4 �5 �6

� �T ð14Þ

the Voigt version of the constitutive relation may be
explained as

Ei ¼
1

E

i þ

3

2�
���s

Z
�

Qi

A
d�, i ¼ 1, . . . , 6 ð15Þ

in which


i ¼
1þ �ð Þ�i � ��m i43

2 1þ �ð Þ�i i4 3

�
ð16Þ

A2 ¼ P � N̂� �Nð Þ
2

ð17Þ

P ¼

�2
1 þ�2

4 þ�2
5

�2
2 þ�2

4 þ�2
6

�2
3 þ�2

5 þ�2
6

�4 �1 þ�2ð Þ þ�5�6

�5ð�1 þ�3Þ þ�4�6

�6 �2 þ�3ð Þ þ�4�5

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð18Þ

N ¼ N1 N2 N3 N4 N5 N6

� �T
¼ n21 n22 n23 n1n2 n1n3 n2n3
� �T ð19Þ

N̂ ¼ N1 N2 N3 2N4 2N5 2N6

� �T
ð20Þ

�m ¼ �1 þ�2 þ�3 ð21Þ

�N ¼ D � N̂ ð22Þ

Q ¼ R��NN̂ ð23Þ

R ¼

ð�1N1 þ�4N4 þ�5N5Þ

�2N2 þ�4N4 þ�6N6ð Þ

�3N3 þ�5N5 þ�6N6ð Þ

�4 N1 þN2ð Þ þN4ð�1 þ�2Þ þ�5N6 þ�6N5

�5ðN1 þN3Þ þN5ð�1 þ�3Þ þ�4N6 þ�6N4

�6ðN2 þN3Þ þN6 �2 þ�3ð Þ þ�4N5 þ�5N4

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
ð24Þ
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In the above relations, ð�Þ denote the dot product
operator. Let’s define two index generators as follows

I ið Þ ¼
1

2
9þ iþ

1þ �1ð Þi

2

� 

ð25Þ

J ið Þ ¼
1

2
7þ i�

1þ �1ð Þi

2

� 

ð26Þ

Using these two index generators, the vectors P
and R can be expressed in the index format as

Pi ¼
�2i þ �

2
I ið Þ þ �

2
J ið Þ i43

�i �I i�3ð Þ�3 þ �J i�3ð Þ�3

� �
þ �I 7�ið Þ�J 7�ið Þ i4 3

(

ð27Þ

Ri ¼

�iNi þ�I ið ÞNI ið Þ þ�J ið ÞNJ ið Þ i43

�i NI i�3ð Þ�3 þNJ i�3ð Þ�3

� �
þNi �I i�3ð Þ�3 þ�J i�3ð Þ�3

� �
þ�I 7�ið ÞNJ 7�ið Þ þNI 7�ið Þ�J 7�ið Þ

8><
>:

9>=
>; i4 3

8>>><
>>>:

ð28Þ

Numerical implementation

In this section, first the incremental derivation of the
constitutive model is presented for the sake of numer-
ical implementations. Then, the numerical integration
over the surface of a hemisphere is presented. Finally,
the numerical method utilized for inversion of the
arisen matrix is explained.

Incremental form

In order to implement a constitutive model through
the user material subroutine, UMAT, in ABAQUS
finite element package, it is necessary to explain the
stress increment vector, �D, as a function of the strain
increment vector, �E. To do so, the following relation
is utilized

�Ei ¼
X6
j¼1

@Ei

@�j
��j þ

@Ei

@T
�T ð29Þ

where (@) denotes the partial differentiation. From the

computational point of view, @Ei

@�j

	 
�1
will be served as

the continuum tangent stiffness matrix and
@Ei

@�j

	 
�1
@Ei

@T

� �
the tangent thermal moduli vector.

Differentiating equation (15) yields the two following

relations

@Ei

@�j
¼ Cij ¼ C

e 1ð Þ
ij þ C

e 2ð Þ
ij þ C

tr 1ð Þ
ij þ C

tr 2ð Þ
ij ð30Þ

@Ei

@T
¼

1
EM
� 1

EA

	 

@�
@T 1þ �ð Þ�i � ��m½ �

þ 3
4� �
� @�s
@T

R
�

Qi

A d�

8<
:

9=
; i43

2 1
EM
� 1

EA

	 

@�
@T 1þ �ð Þ�i þ

3
2� �
� @�s
@T

R
�

Qi

A d� i4 3

8>>>><
>>>>:

ð31Þ

in which

Ce 1ð Þ
¼

1

E

1 �� �� 0 0 0

�� 1 �� 0 0 0

�� �� 1 0 0 0

0 0 0 2ð1þ �Þ 0 0

0 0 0 0 2ð1þ �Þ 0

0 0 0 0 0 2ð1þ �Þ

2
666666664

3
777777775
ð32Þ

C
eð2Þ
ij ¼

1
2 �� 
i 3�j ��m

� �
1
EM
� 1

EA

	 

@�
@ �� j43

3
�� 
i�j

1
EM
� 1

EA

	 

@�
@ �� j4 3

8><
>:

ð33Þ

C
tr 1ð Þ
ij ¼

3

2� ��
��
@�s
@ ��

R
�

Qi

2A 3�j ��m

� �
j43R

�
3Qi

A �j j5 3

(

ð34Þ

C
tr 2ð Þ
ij ¼

3

2�
���s

Z
�

1

A

@Qi

@�j
�
Qi

A

@A

@�j

� �
d� ð35Þ

@Qi

@�j
¼

N1 1�N1ð Þ �N1N2 �N1N3 N4 1� 2N1ð Þ N5 1� 2N1ð Þ �2N1N6

�N1N2 N2 1�N2ð Þ �N2N3 N4 1� 2N2ð Þ �2N2N5 N6 1� 2N2ð Þ

�N1N3 �N2N3 N3 1�N3ð Þ �2N3N4 N5 1� 2N3ð Þ N6 1� 2N3ð Þ

N4 1� 2N1ð Þ N4 1� 2N2ð Þ �2N3N4 N1 þN2 � 4N2
4 N6 � 4N4N5 N5 � 4N4N6

N5 1� 2N1ð Þ �2N2N5 N5 1� 2N3ð Þ N6 � 4N4N5 N1 þN3 � 4N2
5 N4 � 4N5N6

�2N1N6 N6 1� 2N2ð Þ N6 1� 2N3ð Þ N5 � 4N4N6 N4 � 4N5N6 N2 þN3 � 4N2
6

2
666666664

3
777777775
ð36Þ
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To be able to assess the effects of the increment size
in the forward Euler implementation scheme, the fol-
lowing incremental integration is utilized

D
ðnþ1Þ ¼ D

ðnÞ þ�D
ðnÞ ¼ D

ðnÞ þ C nð Þ
� ��1

�E nð Þ �
@EðnÞ

@T
�T

� �
ð38Þ

Numerical integration over the surface
of unit hemisphere

Referring to equations (15), (31), (34), and (35), it is
necessary to calculate some integrals over the surface
of a hemisphere. Since the functions to be integrated
have no exact integral solutions, a numerical method
must be utilized in this regard. To do so, the numer-
ical integration method proposed by Bazant and Oh52

is used in this paper. Considering f ðx1,x2, x3Þ as the
function to be integrated, the integral over the surface
of a hemisphere may be approximated by the follow-
ing relation

Z
�

f x1, x2, x3ð Þd� ¼
XM
k¼1

wk f �
k
1 , �

k
2 , �

k
3

� �
ð39Þ

in which wk are weights and �k1 , �
k
2 , �

k
3 the direction

cosines. In this paper, five different integration for-
mulas including orthogonal symmetry 2*21 points,
O21, orthogonal symmetry 2*33 points, O33, orthog-
onal symmetry 37 points, O37, no orthogonal sym-
metry 2*21 points, NO21, and no orthogonal
symmetry 2*61 points, NO61, are utilized for numer-
ical integration.52,53 The weights and direction cosines
for these formulations are presented in Appendix.

Matrix inversion

Referring to equation (38), in each increment, it is
necessary to obtain the inverse of CðnÞ, a 6*6 matrix.

Every numerical inversion technique may be used for
this purpose. However, in this paper, an iterative
numerical approach with seventh-order convergence is
utilized for finding the inverse. Suppose that the
inverse of B 2 Cm�m is going to be calculated. Based
on what proposed by Soleymani,54 the following itera-
tive method can be used

Vnþ1 ¼ Vn 7Iþ BVn �21Iþ BVn 35Iþ BVn �35Iðððð

þ BVn 21Iþ BVn �7Iþ BVnð Þð ÞÞÞÞÞ

ð40Þ

The matrix V will converge to the inverse of B, if a
suitable initial approximation, V0, is chosen. It has
been previously proposed that the following initial
guess will lead to a good convergence54

V0 ¼
BT

Bk k1 Bk k1
ð41Þ

where subscript T stands for transpose, Bk k1¼

max
j

Pm
i¼1 bij
�� ��� �

, and Bk k1¼ max
i

Pm
j¼1 bij
�� ��	 


.

Results and discussion

In this section, the numerically implemented constitu-
tive model is examined and the effects of stress incre-
ment size, integration formula, loading direction, and
different load cases are investigated. In all the cases, the
hypothetical material parameters presented in Table 1
are utilized formodeling purposes.Note that in the case
of superelastic regime, the initial values of stress- and
temperature-induced martensite are both zero and the
temperature is supposed to be 60 �C. For shape
memory response of SMA, the initial value of stress-
induced martensite volume fraction is zero while the
initial value of temperature-induced one is one.

@A

@D
¼

1

A

�1N1 þ�4N4 þ�5N5 �N1�Nð Þ

�2N2 þ�4N4 þ�6N6 �N2�Nð Þ

�3N3 þ�5N5 þ�6N6 �N3�Nð Þ

�4 N1 þN2ð Þ þN4 �1 þ�2ð Þ þ�5N6 þ�6N5 � 2N4�N

�5 N1 þN3ð Þ þN5 �1 þ�3ð Þ þ�4N6 þ�6N4 � 2N5�N

�6 N2 þN3ð Þ þN6 �2 þ�3ð Þ þ�4N5 þ�5N4 � 2N6�N

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð37Þ

Table 1. Material parameters used for modeling purposes.

EA ðMPaÞ EMðMPaÞ � Mf ð
�CÞ Ms ð

�CÞ As ð
�CÞ Af ð

�CÞ

60000 40000 0.3 10 20 40 50

�cr
s ðMPaÞ �cr

f ðMPaÞ CM
MPa
�C

� �
CAs

MPa
�C

� �
CAf

MPa
�C

� �
��

50 150 5 8 7 0.025
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The initial temperature is supposed to be 0 �C, then it is
heated up to 60 �C, and again cooled down to 0 �C.

Effect of stress increment size

As stated before, in this paper, the presented consti-
tutive model is implemented using forward Euler to be
able to assess the sensitivity of the model to the incre-
ment size. Figure 3 shows the effects of different stress
increments on the uniaxial stress–strain response of
SMA obtained using O21 integration formula.

Figure 3. The effect of the stress increment size on the

stress–strain response of SMAs in the superelastic regime.

Figure 4. The effects of different integration formulas on the

uniaxial stress–strain response of SMA loaded in x1 direction.

Figure 5. The effects of different integration formulas on the

uniaxial stress–strain response of SMA loaded in x2 direction.

Figure 6. The effects of different integration formulas on the

uniaxial stress–strain response of SMA loaded in x3 direction.
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As can be seen, large stress increments may yield to
inaccurate results due to forward Euler integration
scheme. Accordingly, sufficiently small stress incre-
ments are required to be able to achieve desirable
results. It is worth mentioning that the same results
can be obtained using the other integration formula
but the results are not presented here for the sake of
brevity. In the rest of this paper, a sufficiently small
stress increment is utilized to be sure about the accur-
acy of the results.

Effects of integration formula and loading direction

In this section, the effects of different integration for-
mulas and loading direction are investigated for dif-
ferent load cases including uniaxial, pure shear, and
nonproportional tension-torsion.

Figure 7. The error of the predicted value of maximum

recoverable strain with its exact value.

Figure 8. Comparison of the stress–strain response loaded in different directions for: (a) NO21, (b) O21, (c) O33, (d) O37, and (e) NO61.
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Uniaxial loading. Figures 4 to 6 show the uniaxial super-
elastic stress–strain response of SMA loaded in x1, x2,
and x3 directions respectively. Based on the exact
solution of uniaxial loading–unloading response of
SMA, the first linear portion of the unloading
response must coincide with the dashed line indicated
as ‘‘Ref Line’’. In other words, the continuation of
this linear portion must pass through the maximum
recoverable strain, ��. According to these figures, in
all the cases, the predicted maximum recoverable
strain is smaller than the exact value. Figure 7 com-
pares the error of predicted maximum recoverable
strain with the exact value for different integration
formulas and different loading directions. Referring
to this figure, for all loading directions, the minimum
error is associated with the NO61 integration formula
while the maximum error is related to the O21 one.

Figure 8(a) to (e) compares the stress–strain
response of SMA loaded in different directions for
NO21, O21, O33, O37, and NO61 integration for-
mulas respectively. Since the material is isotropic,
the stress–strain curves of all the loading directions
must be coincided. But for NO21 and NO61 the
curves are not coincided because of not being orthog-
onally symmetric. However, for O21, O33, and O37
the stress–strain response is similar for all the loading
directions due to the orthogonal symmetry of these
formulations. Notice that the level of anisotropy pre-
dicted by NO61 integration formula is smaller
than that of NO21 because of the higher accuracy
of the former.

The stress–strain-temperature response of SMA in
shape memory regime obtained using O21 integration
formula is depicted in Figure 9. The material, which is
initially free of stress in the twinned martensite state,
is loaded uniaxially at a constant temperature until it
is converted to detwinned martensite, and then
unloaded to zero stress state. After that, at a constant
stress, the material is heated up to T¼ 60 �C and
cooled down to T¼ 0 �C. As it can be seen from this
figure, the residual strain upon cooling is too small
meaning shape memory effect. It is worthwhile to

mention that the same behavior is observed for all
the integration formulas (not presented here for the
sake of brevity). Figure 10 shows the stress-strain
curve in the shape memory regime obtained using dif-
ferent integration formulas. As shown in this figure,
the predicted maximum recoverable strain is not coin-
cided with the exact value. Again, the maximum error
is associated with O21 integration formula while the
minimum error is related to O61 one. Referring to
Figures 9 and 10, it can be concluded that although
the prediction of the maximum recoverable strain
contains a pronounced value of error, the predicted
residual strain show a very small error with its exact
value (zero). Referring to equation (29), it is obvious
that during the thermal loading of the material, the
stress increment is zero. Accordingly, the first term of
the right hand side of this equation would be zero too.
So, the error of the thermal loading portion of the
curve is associated with the second term which is
very small leading to a small deviation from the
exact value of the residual strain upon cooling.

Pure shear. Figures 11 to 13 show the stress–strain
response of SMA under pure shear for 12, 13, and
23 components respectively. Similar to that observed
for uniaxial loading of SMA, in the pure shear load-
ing, due to the errors of the numerical integration
formulas, the predicted maximum recoverable strain
is not equal to the exact value which is

ffiffiffi
3
p
��. As

Figure 10. Stress–strain response of SMA in shape memory

regime obtained using different integration formulas.

Figure 9. The stress–strain–temperature response of SMA in

shape memory regime obtained using O21 integration formula.
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shown in Figure 14, the maximum and minimum
errors with the exact value are respectively associated
with O21 and NO61 integration formulas that is simi-
lar to that observed for uniaxial loading.

Nonproportional loading. To complete this section, the
square shaped non-proportional strain control load-
ing shown in Figure 15(a) is simulated. The corres-
ponding stress response of this loading condition
obtained using NO21, NO61, O37, and O33 integra-
tion formulas is presented in Figure 15(b). As can be

Figure 13. The effects of different integration formulas on

the �23 � 	23 response of SMA in pure shear mode.

Figure 14. The error of the predicted value of maximum

recoverable strain in pure shear with its exact value.

Figure 12. The effects of different integration formulas on

the �13 � 	13 response of SMA in pure shear mode.

Figure 11. The effects of different integration formulas on

the �12 � 	12 response of SMA in pure shear mode.
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seen, the shear stress–normal stress response obtained
using all integration formulas is near each other.
However, referring to the previous subsections,
accepting NO61 as the most accurate one, it can be
concluded that the accuracy of NO21 is higher than
O37 and O33. In addition, the results show that the
two formulas with orthogonal symmetry provide simi-
lar results. This is also true for both the formulas
without orthogonal symmetry.

Conclusion

In this paper, an existing constitutive model based on
microplane theory is numerically implemented through
finite element method. To do so, first the basic relations
of the model are derived in tensorial form. Then, the
Voigt notation of the tensorial formulation is explained
for the sake of numerical implementation. After that,
the numerical implementation procedure including
incremental formulation, numerical integration over
the surface of a unit sphere, and numerical inversion
of the arising matrix is presented. Finally, the effects of
stress increment size, different numerical integration
formulas, and loading direction is investigated through
superelastic and shape memory proportional and non-
proportional loadings. The results show that in all
cases, the NO61 scheme provides the most accurate
results while O21 scheme is the most inaccurate inte-
gration formula. However, the two integration for-
mulas without orthogonal symmetry show a little
anisotropy while the three orthogonally symmetric for-
mulas provide isotropic response of SMA.
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Appendix

Direction cosines and weights for different utilized integration schemes

The weights and direction cosines for O21, NO21, O33, O37, and NO61 integration formulations are presented in
Tables 2 to 6.52

Table 2. Direction cosines and weights for O21 integration formula.52

k �k
1 �k

2 �k
3 wk

1 1.000000000000 0.000000000000 0.000000000000 0.026521424409

2 0.000000000000 1.000000000000 0.000000000000 0.026521424409

3 0.000000000000 0.000000000000 1.000000000000 0.026521424409

4 0.707106781187 0.707106781187 0.000000000000 0.019930147631

5 0.707106781187 �0.707106781187 0.000000000000 0.019930147631

6 0.707106781187 0.000000000000 0.707106781187 0.019930147631

7 0.707106781187 0.000000000000 �0.707106781187 0.019930147631

8 0.000000000000 0.707106781187 0.707106781187 0.019930147631

9 0.000000000000 0.707106781187 �0.707106781187 0.019930147631

10 0.387907304067 0.387907304067 0.836095596749 0.025071236749

11 0.387907304067 0.387907304067 �0.836095596749 0.025071236749

12 0.387907304067 �0.387907304067 0.836095596749 0.025071236749

13 0.387907304067 �0.387907304067 �0.836095596749 0.025071236749

14 0.387907304067 0.836095596749 0.387907304067 0.025071236749

15 0.387907304067 0.836095596749 �0.387907304067 0.025071236749

16 0.387907304067 �0.836095596749 0.387907304067 0.025071236749

17 0.387907304067 �0.836095596749 �0.387907304067 0.025071236749

18 0.836095596749 0.387907304067 0.387907304067 0.025071236749

19 0.836095596749 0.387907304067 �0.387907304067 0.025071236749

20 0.836095596749 �0.387907304067 0.387907304067 0.025071236749

21 0.836095596749 �0.387907304067 �0.387907304067 0.025071236749
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Table 4. Direction cosines and weights for O33 integration formula.52

k �k
1 �k

2 �k
3 wk

1 1.000000000000 0.000000000000 0.000000000000 0.009853539934

2 0.000000000000 1.000000000000 0.000000000000 0.009853539934

3 0.000000000000 0.000000000000 1.000000000000 0.009853539934

4 0.707106781187 0.707106781187 0.000000000000 0.016296968589

5 0.707106781187 �0.707106781187 0.000000000000 0.016296968589

6 0.707106781187 0.000000000000 0.707106781187 0.016296968589

7 0.707106781187 0.000000000000 �0.707106781187 0.016296968589

8 0.000000000000 0.707106781187 0.707106781187 0.016296968589

9 0.000000000000 0.707106781187 �0.707106781187 0.016296968589

10 0.933898956394 0.357537045978 0.000000000000 0.013478884401

11 0.933898956394 �0.357537045978 0.000000000000 0.013478884401

12 0.357537045978 0.933898956394 0.000000000000 0.013478884401

13 0.357537045978 �0.933898956394 0.000000000000 0.013478884401

14 0.933898956394 0.000000000000 0.357537045978 0.013478884401

15 0.933898956394 0.000000000000 �0.357537045978 0.013478884401

16 0.357537045978 0.000000000000 0.933898956394 0.013478884401

17 0.357537045978 0.000000000000 �0.933898956394 0.013478884401

18 0.000000000000 0.933898956394 0.357537045978 0.013478884401

19 0.000000000000 0.933898956394 �0.357537045978 0.013478884401

20 0.000000000000 0.357537045978 0.933898956394 0.013478884401

21 0.000000000000 0.357537045978 �0.933898956394 0.013478884401

22 0.437263676092 0.437263676092 0.785875915868 0.017575912988

23 0.437263676092 0.437263676092 �0.785875915868 0.017575912988

(continued)

Table 3. Direction cosines and weights for NO21 integration formula.52

k �k
1 �k

2 �k
3 wk

1 0.187592474085 0.000000000000 0.982246946377 0.019841269841

2 0.794654472292 �0.525731112119 0.303530999103 0.019841269841

3 0.794654472292 0.525731112119 0.303530999103 0.019841269841

4 0.187592474085 �0.850650808352 �0.491123473188 0.019841269841

5 0.794654472292 0.000000000000 �0.607061998207 0.019841269841

6 0.187592474085 0.850650808352 �0.491123473188 0.019841269841

7 0.577350269190 �0.309016994375 0.755761314076 0.025396825397

8 0.577350269190 0.309016994375 0.755761314076 0.025396825397

9 0.934172358963 0.000000000000 0.356822089773 0.025396825397

10 0.577350269190 �0.809016994375 �0.110264089708 0.025396825397

11 0.934172358963 �0.309016994375 �0.178411044887 0.025396825397

12 0.934172358963 0.309016994375 �0.178411044887 0.025396825397

13 0.577350269190 0.809016994375 �0.110264089708 0.025396825396

14 0.577350269190 �0.500000000000 �0.645497224368 0.025396825397

15 0.577350269190 0.500000000000 �0.645497224368 0.025396825397

16 0.356822089773 �0.809016994375 0.467086179481 0.025396825397

17 0.356822089773 0.000000000000 �0.934172358963 0.025396825397

18 0.356822089773 0.809016994375 0.467086179481 0.025396825397

19 0.000000000000 �0.500000000000 0.866025403784 0.025396825397

20 0.000000000000 �0.500000000000 �0.866025403784 0.025396825397

21 0.000000000000 1.000000000000 0.000000000000 0.025396825397
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Table 4. Continued

k �k
1 �k

2 �k
3 wk

24 0.437263676092 �0.437263676092 0.785875915868 0.017575912988

25 0.437263676092 �0.437263676092 �0.785875915868 0.017575912988

26 0.437273676092 0.785875915868 0.437263676092 0.017575912988

27 0.437263676092 0.785875915868 �0.437263676092 0.017575912988

28 0.437263676092 �0.785875915868 0.437263676092 0.017575912900

29 0.437263676092 �0.785875915868 �0.437263676092 0.017575912988

30 0.785875915868 0.437263676092 0.437263676092 0.017575912988

31 0.785875915868 0.437263676092 �0.437263676092 0.017575912988

32 0.785875915868 �0.437263676092 0.437263676092 0.017575912988

33 0.785875915868 �0.437263676092 �0.437263676092 0.017575912988

Table 5. Direction cosines and weights for O37 integration formula.52

k �k
1 �k

2 �k
3 wk

1 1.000000000000 0.000000000000 0.000000000000 0.010723885730

2 0.000000000000 1.000000000000 0.000000000000 0.010723885730

3 0.000000000000 0.000000000000 1.000000000000 0.010723885730

4 0.707106781187 0.707106781187 0.000000000000 0.021141609520

5 0.707106781187 �0.707106781187 0.000000000000 0.021141609520

6 0.707106781187 0.000000000000 0.707106781187 0.021141609520

7 0.707106781187 0.000000000000 �0.707106781187 0.021141609520

8 0.000000000000 0.707106781187 0.707106781187 0.021000000000

9 0.000000000000 0.707106781187 �0.707106781187 0.021141609520

10 0.951077869651 0.308951267775 0.000000000000 0.005355055908

11 0.951077869651 �0.308951267775 0.000000000000 0.005355055908

12 0.308951267775 0.951077869651 0.000000000000 0.005355055908

13 0.308951267775 �0.951077869651 0.000000000000 0.005355055908

14 0.951077869651 0.000000000000 0.308951267775 0.005355055908

15 0.951077869651 0.000000000000 �0.308951267775 0.005355055908

16 0.308951267775 0.000000000000 0.951077869651 0.005355055908

17 0.308951267775 0.000000000000 �0.951077869651 0.005355055908

18 0.000000000000 0.951077869651 0.308951267775 0.005355055908

19 0.000000000000 0.951077869651 �0.308951267775 0.005355055908

20 0.000000000000 0.308951267775 0.951077869651 0.005355055908

21 0.000000000000 0.308951267775 �0.951077869651 0.005355055908

22 0.335154591939 0.335154591939 0.880535518310 0.016777090916

23 0.335154591939 0.335154591939 �0.880535518310 0.016777090916

24 0.355154591939 �0.335154591939 0.880535518310 0.016777090916

25 0.335154591939 �0.335154591939 �0.880535518310 0.016777090916

26 0.335154591939 0.880535518310 0.335154591939 0.016777090916

27 0.335154591939 0.880535518310 �0.335154591939 0.016777090916

28 0.335154591939 �0.880535518310 0.335154591939 0.016777090916

29 0.335154591939 �0.880535518310 �0.335154591939 0.016777090916

30 0.880535518310 0.335154591939 0.335154591939 0.016777090916

31 0.880535518310 0.335154591939 �0.335154591939 0.016777090916

32 0.880535518310 �0.335154591939 0.335154591939 0.016777090916

33 0.880535518310 �0.335154591939 �0.335154591939 0.016777090916

34 0.577350269190 0.577350269190 0.577350269190 0.018848230951

35 0.577350269190 0.577350269190 �0.577350269190 0.018848230951

36 0.577350269190 �0.577350269190 0.577350269190 0.018848230951

37 0.577350269190 �0.577350269190 �0.577350279190 0.018848230951
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Table 6. Direction cosines and weights for NO61 integration formula.52

k �k
1 �k

2 �k
3 wk

1 1.000000000000 0.000000000000 0.000000000000 0.007958442047

2 0.745355992500 0.000000000000 0.666666666667 0.007958442047

3 0.745355992500 �0.577350279190 �0.333333333333 0.007958442047

4 0.745355992500 0.577350269190 �0.333333333333 0.007958442047

5 0.333333333333 0.577350279190 0.745355992500 0.007958442047

6 0.333333333333 �0.577350269190 0.745355992500 0.007958442047

7 0.333333333333 �0.934172358963 0.127322003750 0.007958442047

8 0.333333333333 �0.356822089773 �0.872677996250 0.007958442047

9 0.333333333333 0.356822089773 �0.872677996250 0.007958442047

10 0.333333333333 0.934172358963 0.127322003750 0.007958442047

11 0.794654472292 �0.525731112119 0.303530999103 0.010515524289

12 0.794654472292 0.000000000000 �0.607061998207 0.010515524289

13 0.794654472292 0.525731112119 0.303530999103 0.010515524289

14 0.187592474085 0.000000000000 0.982246946377 0.010515524289

15 0.187592474085 �0.850650808352 �0.491123473188 0.010515524289

16 0.187592474085 0.850650808352 �0.491123473188 0.010515524389

17 0.934172358963 0.000000000000 0.356822089773 0.010011936427

18 0.934172358963 �0.309016994375 �0.178411044887 0.010011936427

19 0.934172358963 0.309016994375 �0.178411044887 0.010011936427

20 0.577350269190 0.309016994375 0.755761314076 0.010011936427

21 0.577350269190 �0.309016994375 0.755761314076 0.010011936427

22 0.577350269190 �0.809016994375 �0.110264089708 0.010011936427

23 0.577350269190 �0.500000000000 �0.645497224368 0.010011936427

24 0.577350269190 0.500000000000 �0.645497224368 0.010011936426

25 0.577350269190 0.809016994375 �0.110264089708 0.010011936427

26 0.356822089773 �0.809016994375 0.467086179481 0.010011936427

27 0.356822089773 0.000000000000 �0.934172358963 0.010011936427

28 0.356822089773 0.809016994375 0.467086179481 0.010011936427

29 0.000000000000 0.500000000000 0.866025403784 0.010011936427

30 0.000000000000 �1.000000000000 0.000000000000 0.010011936427

31 0.000000000000 0.500000000000 �0.866025403784 0.010011936427

32 0.947273580412 �0.277496978165 0.160212955043 0.006904779580

33 0.812864676392 �0.277496978165 0.512100034157 0.006904779580

34 0.595386501297 �0.582240127941 0.553634669695 0.006904779580

35 0.595386501297 �0.770581752342 0.227417407053 0.006904779580

36 0.812864676392 �0.582240127941 �0.015730584514 0.006904779580

37 0.492438766306 �0.753742692223 0.435173546254 0.006904779580

38 0.274960591212 �0.942084316623 �0.192025554687 0.006904779580

39 -0.076926487903 �0.942084316623 �0.326434458707 0.006904779580

40 -0.076926487903 �0.753742692223 �0.652651721349 0.006904779580

41 0.274960591212 �0.637341166847 �0.719856173359 0.006904779580

42 0.947273580412 0.000000000000 �0.320425910085 0.006904779580

43 0.812864676392 �0.304743149777 �0.496369440643 0.006904779580

44 0.595386501297 �0.188341624401 �0.781052076747 0.006904779580

45 0.595386501297 0.188341624401 �0.781052076747 0.006904779480

46 0.812864676392 0.304743149777 �0.496369449643 0.006904779580

47 0.492438766306 0.753742692223 �0.435173546254 0.006904779580

48 0.274960591212 0.637341166847 �0.719856173359 0.006904779580

49 -0.076926487903 0.753742692223 �0.652651721349 0.006904779580

50 -0.076926487903 0.942084316623 �0.326434458707 0.006904779580

(continued)
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Table 6. Continued

k �k
1 �k

2 �k
3 wk

51 0.274960591212 0.942084316623 �0.192025554687 0.006904779580

52 0.947273580412 0.277496978165 0.160212955043 0.006904779580

53 0.812864676392 0.582240127941 �0.015730584514 0.006904779580

54 0.595386501297 0.770581752342 0.227417407053 006904779580

55 0.595386501297 0.582240127941 0.553634669695 0.006904779580

56 0.812864676392 0.277496978165 0.512100034157 0.006904779580

57 0.492438766306 0.000000000000 0.870347092509 0.006904779580

58 0.274960591212 0.304743149777 0.911881728046 0.006904779580

59 -0.076926487903 0.188341624401 0.979086180056 0.006904779580

60 -0.076926487903 �0.188341624401 0.979086180056 0.006904779580

61 0.274960591212 �0.304743149777 0.911881728046 0.006904779580
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