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Theorem 3.1 (Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x;0) satisfies the “regularity” condition

0In p(x; 6)
E [ b7}

where the expectation is taken with respect to p(x; @). Then, the variance of any unbiased
estimator 0 must satisfy

]:0 for all 6

1
9% In p(x; 6)
B[

where the derivative is evaluated at the true value of @ and the ezpectation is taken with

respect to p(x;0). Furthermore, an unbiased estimator may be found that atiains the
bound for all 0 if and only if

TRPE0) — o) (9x) - 6) @)

var(8) > (3.6)

for some functions g and I. That estimator, which is the MVU estimator, is = 9(x),
and the minimum variance is 1/1(6).
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A = g(z|0]) = z[0] is the MVU estimator.
var(A) = 02 = 1/1(6)
:\'JL‘S;A [

znj]=A+w[n] n=01,...,N—1

w[n] is WGN with variance o*
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Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It is assumed
that the PDF p(x;0) satisfies the “regularity” conditions

B [6 In p(x; )

=0
50 ] for all 6

where the expectation is taken with respect to p(x;0). Then, the covariance matrix of
any unbiased estimator @ satisfies

C;,-I'(8)>0 (3.24)

where > 0 is interpreted as meaning that the matriz is positive semidefinite. The Fisher
information matriz 1(0) is given as

no), =& |

where the derivatives are evaluated at the true value of 8 and the expectation is taken
with respect to p(x;0). Furthermore, an unbiased estimator may be found that atlains
the bound in that C; =17'(8) if and only if

Olnp(x;8)
Op%) — 1(6)(gx) - 6 (3.25)

for some p-dimensional function g and some p x p matriz I. That estimator, which is
the MVU estimator, is 8 = g(x), and its covariance matriz is I"(0).
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