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Theorem 10.1 (Conditional PDF of Bivariate Gaussian) If r and y are dis-
tributed according to a bivariate Gaussian PDF with mean vector [E(z) E(y)]T and

covariance matrix
var(z) cov(z,y)
C =
cov(y,z) var(y)

so that
r — E(z)
v — E(y)

(z,) L exp |2
y - 1 XP|—5
Py 27 det? (C) 2

then the conditional PDF p(y|z) is also Gaussian and

b

’ llm—E(:c)]
o
y — E(y)

cov(z,y)

Bal) = E@)+“=r¥ (@ - E(o) (10.16)
var(ylz) = var(y)—m:ar((z")y) (10.17)
cov?(z,y)

= var(y)(1 - p%)

(i) = var(y) [1 - Y.
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Theorem 10.2 (Conditional PDF of Multivariate Gaussian) If x and y are
jointly Gaussian, where x is k x 1 andy is I x 1, with mean vector [E(x)”T E(y)T]T and
partitioned covariance matrix

1 Cex Gy | | Exk kxl
C—[cyr ny}_[ka zxz] (10.23)
1

xy) exp _1([::—5(;;] )TC_I({X_E(::)D
7T (2m) 5 et} (C) 2\| y- E@) y—E@y) ||

then the conditional PDF p(y|x) is also Gaussian and

E(ylx) = E(y)+C,.C;(x - E(x))
Cyz = Cyy — C’ymC;lCmy-

I
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x=H9+w

where x is an NV X 1 data vector, H is a known N X p matrix, € is a p X 1 random
vector with prior PDF N (p,,Cy), and w is an N x 1 noise vector with PDF A(0,C,,)
and independent of 8. This data model is termed the Bayesian general linear model.

i lo 8 aasd sl eolaiul (ol
E(x) = E(HO+w)=HE(®)=Hp,

E(y) = E@)=p,

Coo = B[(x—E(®)(x-Bx)7] Coe = Elly=EW)x - E()7]
= E[(HO+w —Hy,)(HO + w — Hp,)7] = E[(6— py)(H(O — pp) + w)7]
= E[(HO ~ ) + w)HO — ) +w)7] = EL6 — ) (H(® — ug))"]
= HE[(8 - 15)(6 — 1)) HT + E(ww") = CoH'.

= HC,HT +C,



*
*
Bayesian ﬁ & ( |M
Estimation o0

Theorem 10.3 (Posterior PDF for the Bayesian General Linear Model) If
the observed data x can be modeled qs

x=HO+w (10.27)

where x 23 an N x 1 data vector, H is a known N x p mairiz, 8 is a p X 1 random
vector with prior PDF N (p,,Cy), and w is an N x 1 noise vector with PDF N (0,C,)
and independent of 8, then the posterior PDF p(8|x) is Gaussian with mean

E(8|x) = py + CoH (HC,H” + C,,) "} (x — Hu,) (10.28)

and covariance
Cyj. = Co¢ — C¢gHT (HC,H” + C,,)"'HC,. (10.29)

In contrast to the classical general linear model, H need not be full rank to ensure the
invertibility of HCoH? + C,,.
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The Bayes risk R is
R = E[C(e)]
= / / C(68 — 0)p(x, 0) dx db

f [ / C(6 — )p(0]x) dﬂ} p(x) dx.

Cle) = ¢* Cle) = e
(a) Quadratic error {b) Absolute error
Cle)
14
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{¢) Hit-or-miss error
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Figure 11.2 Estimators for different cost functions
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Theorem 12.1 (Bayesian Gauss-Markov Theorem) If the data are described by

the Bayesian linear model form
x=H0+w (12.25)

where x is an N x 1 data vector, H is a known N x p observation matriz, @ is a p x 1
random vector of parameters whose realization is to be estimated and has mean E(@)
and covariance matrix Cgy, and w 18 an N x 1 random vector with zero mean and
covariance matriz C,, and is uncorrelated with @ (the joint PDF p(w,@) is otherwise
arbitrary), then the LMMSE estimator of 0 is

6 = E(8)+CyHT (HCyH” +C,) ' (x — HE(®)) (12.26)
E(6) +(C;} +HTC'H) 'H'C_ ! (x — HE(9)). (12.27)

The performance of the estimator is measured by the error € = @ — 6 whose mean is
zero and whose covariance matrix is

CE = EI_Q(EfT)

Coo — CgaHT(HngHT + Cw)*lﬂclgg (12.28)
(C,¢ + HTC'H) L. (12.29)

The error covariance matriz is also the minimum MSE matric My whose diagonal
elements yield the minimum Bayesian MSE

M), = [Celi;

[33

= Bmse(4;). (12.30)
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040’
(N +1)o% + 02
No? +o? o%a?
(N +1)o% + 0% No% +0?
= (1 - K[N])Bmse(A[N - 1]).

Bmse(A[N])

Estimator Update: a0
A[N]) = A[N = 1] + K[N)(z[N] - A[N - 1))

where .
Bmse(A[N - 1))

Bmse(A[N - 1)) + 02

K[N] =

Minimum MSE Update:
Bmse(A[N]) = (1 = K[N])Bmse(A[N - 1]).
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x=HO+w :Lg)‘oﬁ cJl> 9 LSLD Jow @ o]

Then, the sequential LMMSE estimator becomes (see Appendix 12A)

Estimator Update:
8[n] = O[n — 1] + K[n](z[n] — h” [n]@[n — 1])
where

_ M[n — 1]h[n]
02 + hT[n]M[n — 1}h[n]

Kn]

Minimum MSE Matrix Update:

Ml = (I - K[n|hT[n])M[n — 1]. _
[n] = ( [nfh” [n])M[n — 1] T

A . H[n — 1] nx:
Mn|=FE [(0 — @[n)(8 — G[HJ)T] . Hn]= [ b7 ] = ! X x;) ] :
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Figure 12.6 Sequential linear minimum mean square estimator
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0[0] = 6[—1] + K[0](z[0] — h7[0]8[~1]).
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