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s[n] =asln—-1+un] n2=0

where u[n] is WGN with variance 2, s[—1] ~ N (g,03), and s[—1] is independent of
u[n] for all n > 0.
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Figure 13.2 Typical realization of first order Gauss-Markov process
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E(sln)) = aB(sln — 1)) + E(ufn])

E(s[n]) = aE(s[n— 1))

var(s[n]) = E [(s[n] — E(s[n]))?]
= E|[(as[n — 1] +u[n] — aB(s[n — 1]))?]
= a’var(s[n — 1)) + o2
E(sln])) = a"*'E(s[~1)) var(elnl) = efmnl
= a"y,. = a*"*%? + ol Zam’-

k=0
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Theorem 13.1 (Vector Gauss-Markov Model) The Gauss-Markov model for a
p x 1 vector signal s[n] is

s[n] = As[n — 1] + Bu[n] n > 0. (13.21)

The A, B are known matrices having dimensions p x p and p X r, respectively, and it
is assumed that the eigenvalues of A are less than I in magnitude. The driving noise
vector u[n] has dimension r x 1 and is vector WGN or u[n] ~ N(0,Q) with the u[n]’s
independent. The initial condition s[—1] is a p X 1 random vector distributed according
to s|—1] ~ N(u,,C,) and is independent of the uln|’s. Then, the signal process is
Gaussian with mean

E(s[n]) = A", (13.22)
and covariance for m > n
Cim,n] = E|(s[m] - E(s[m]))(s[n] — E(s[n]))"]
= A™ICA™Y + Y ABQBTAMTH (13.23)

k=m-—n
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and for m <n

and covariance matriz

C,[m,n] = C[n,m]

C[n] = C.[n,n] = A™1C,A™" + 5 A*BQBTA*". (13.24)

k=0

The mean and covariance propagation equations arve

E(s[n])) = AE(s[n-—-1)) (13.25)
Cr]

AC[n - 1)AT + BQB”. (13.26)
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s[n] = as[n—1]+ u[n]
z[n] = s[n]+ win)

yeaio Hlg o |y e ax (Olaslic g (state) > 0450 0
W

1. scalar state — scalar observation (s[n — 1], z[n])

2. vector state — scalar observation (s[n — 1], z[n])

3. vector state — vector observation (s[n — 1],x([n]).
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s[n] = as[n—1]+ u[n]
zln] = s[n]+ win] (13.27)

where u[n] is zero mean Gaussian noise with independent samples and E(u*[n]) = o2,

w(n] is zero mean Gaussian noise with independent samples and E(w?*[n]) = o7. We
further assume that s[—1], u[n], and w[n] are all independent. Finally, we assume
that s[—1] ~ N(us,02). The noise process w(n| differs from WGN only in that its
variance is allowed to change with time. To simplify the derivation we will assume
that u, = 0, so that according to (13.4) E(s[n]) =0 for n > 0. Later we will account
for a nonzero initial signal mean. We wish to estimate s[n] based on the observations
{z[0],z[1],...,z[n]} or to filter z[n] to produce 3[n].
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§[nln — 1] = as[n— 1jn —1].
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The signal model is a first-order Gauss-Markov process
1
sln) = Zsfn— 1] +ul] 0 >0

where s[—1] ~ N(0,1) and 02 = 2. We assume that the signal is observed in noise
w(n], so that the data are z[n] = s[n] + w[n], where w[n] is zero mean Gaussian noise

with independent samples, a variance of o2 = (1/2)", and independent of s[—1] and
uln| for n > 0.

aJol MSE 4 cJl>

-1 -1 = E(s[-1])=0
M[-1]| -1 E[(s[-1] - 3[-1] - 1])°]
E(s*[-1]) = 1.
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s[n] = As[n — 1| + Bu[n| n>0

where A, B are known p xp and px r matrices, u[n] is vector WGN with u[n] ~ A/(0,Q),
s[-1] ~ NM(u,,C,), and s[—1] is independent of the u[n|’s.

Cowl X=HO+wW > Jow len X oaly Jue

z[n] = h'[n]s[n] + win]

where h[n] is a known p x 1 vector and w[n] is zero mean Gaussian noise with uncor-
related samples, with variance o2, and also independent of s[—1] and u[n].
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S[n|n — 1] = A§[n — 1|n — 1].

Prediction:

Minimum Prediction MSE Matrix (p X p):
Min|n — 1] = AM[n — 1|n — 1]A" + BQB”.

Kalman Gain Vector (p x 1):

_ M(n|n — 1]h[n]
0% +hT[n]M[n|n — 1]hjn]

K(n]
Correction:
3[n|n] = §[n|n — 1] + K[n](z[n] — hT [n]3[n|n - 1)).
Minimum MSE Matrix (p X p):
Min|n] = (I — K[n]h [n])M[n|n — 1]
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where the mean square error matrices are defined as

Mn|n] = E|[(s[n] - 3[nn])(s[n] — 8[nin])"]
M[njn—1] = E[(s[n] —3[n|n —1])(s[n] —§[n|n - 1)7].

To initialize the equations we use §[—1|—1] = E(s[~1]) = p, and M[-1|-1] = C,.
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10 - 0.2n
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forn=0,1,...,100, where we have assumed A = 1 for convenience. From (13.75) this
trajectory assumes v, = —0.2,v, = 0.2. To accommodate a more realistic vehicle track
we introduce driving or plant noise, so that the vehicle state is described by (13.76)
with a driving noise variance of g2 = 0.0001. With an initial state of

s{—1] =

L

10
-3
=0.2
0.2

(13.78)
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